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Abstract. In this work we study the wavefront set of a solution u to Pu = f, 
where P is a pseudodifEerential operator on a manifold with real- valued homo- 
geneous principal symbol p, when the Hamilton vector field corresponding to p 

^ is radial on a Lagrangian submanifold A contained in the characteristic set of P. 

The standard propagation of singularities theorem of Duistermaat-Hormander 
gives no information at A. By adapting the standard positive-commutator es- 
timate proof of this theorem, we are able to conclude additional regularity at 
a point q in this radial set, assuming some regularity around this point. That 
I I is, the a priori assumption is either a weaker regularity assumption at q, or a 

regularity assumption near but not at q. Earlier results of Melrose and Vasy 
give a more global version of such analysis. Given some regularity assumptions 
• around the Lagrangian submanifold, they obtain some regularity at the La- 

grangian submanifold. This paper microlocalizes these results, assuming and 

^ concluding regularity only at a particular point of interest. We then proceed 

a to prove an analogous result, useful in scattering theory, followed by analogous 
results in the context of Lagrangian regularity. 

> 

On 

T— I 1. Introduction 

This paper studies the wavefront set of a solution u to Pu — /, where P is 
a pseudodifFerential operator on a manifold with real-valued homogeneous princi- 
^ I pal symbol p, when the Hamilton vector field corresponding to p is radial on a 

I Lagrangian submanifold contained in the characteristic set of P. According to a 

theorem of Duistermaat-Hormander (|3J), singularities propagate along bicharac- 
. ^ teristics of this Hamilton vector field. This theorem gives us no information about 

the wavefront set when the Hamilton vector field is radial. [TT] and [T4| give a 
5-H global analysis of the propagation of singularities around a Lagrangian submani- 

fold of radial points. By adapting the standard positive commutator estimate proof 
of this theorem, we microlocalize these results. 

After proving such a result, we proceed to prove an analogous result, useful in 
scattering theory, in particular in resolvent estimates. Analogous to the standard 
propagation of singularities, microlocal Sobolev bounds on Ur which are uniform 
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in T G [0, 1] or (0, 1] propagate forward along bicharacteristics, assuming uniform 
Sobolev bounds for (P — ir)u, where now P is of order (see, for instance, I.IIJ. We 
prove a corresponding statement around a Lagrangian submanifold of radial points, 
generalizing to solutions of P — iQr, with P,Qt of equal order (not necessarily 
0), with suitable boundedness and positivity assumptions on Qr- This is again a 
microfocal result which generalizes a global result given in [llj . 

Lastly, we prove analogs in the context of Lagrangian regularity, essentially re- 
placing "u is microlocally iJ*(X)" with "u is microlocally a Lagrangian distribu- 
tion." This follows the analyses of [5] and 0. 

It should be emphasized that these results are completely local. That is, in 
order to conclude regularity for m at a point q in this Lagrangian submanifold, we 
need only have regularity for / in an arbitrarily small neighborhood of q. At times 
we also need regularity assumptions on u around the bicharacteristics approaching 
the smallest conic subset containing the IR_|_-orbit containing q, and at other times 
we also need a priori regularity assumptions on u - it is important to note that 
these requirements are again local around q. Thus we do not, for instance, require 
regularity assumptions around the whole Lagrangian submanifold. 

Under the nondegeneracy assumption dp ^ 0, the largest-dimensional subspace 
on which a Hamilton vector field can be radial is a Lagrangian submanifold. This 
occurs naturally in many applications, including geometric scattering theory. In- 
deed, these results generalize a series of results in [TT, . For the treatment of the 
opposite extreme, that is, that of an isolated radial point, see for instance [5], 
and 

In Section we introduce basic microfocal terminology. We then state the 
standard (principal-type) propagation of singularities theorems and discuss radial 



points in Section [TT2| In Section [L3| we discuss the cosphere bundle as a quotient of 
the cotangent bundle (excluding the zero section) . As it is at times easier to discuss 
dynamics on the cosphere bundle than it is on the cotangent bundle, we regard 
certain conic sets, such as wavefront sets, to be subsets of the cosphere bundle. 
We then state the main theorems of the paper in Section |1.4| In Section |1.5[ we 
sketch the proofs of these theorems. The theorems contain 'threshold' values (sq, si) 
that have explicit values which are complicated to state in generality but can be 
refined considerably under additional assumptions. We thus delay discussing these 
values until Section |1.5.1[ We then proceed to prove Theorem |1.5| in Sections [2] 



|3j and |4j Theorem 1.4 follows as a special case. In section [2] we analyze the 



Hamiltonian dynamics around the radial points. In Section [3] we give the positive 
commutator proof of Theorem |1. 5 [ assuming the existence of certain operators. In 
Section |4j we construct these operators. In Section [5) we adapt these constructions 
for Theorem 1.6 In Section [6] we review the notion from [5] of iterative regularity. 



in the context of Lagrangian regularity, state and prove Theorems |6.3| and |6.4| 

In proving these theorems we make arguments which are intended to be adapt- 
able to other situations. In particular, it may be possible to find a more explicit 
normal form for the Hamilton vector field around a Lagrangian submanifold of ra- 
dial points, with Lemmas |2.1| and |2.2| as easy consequences. These lemmas are, 
however, closer to the bare minimum needed to prove the main theorems, and thus 
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indicate how the proofs might be adapted in cases where such a normal form cannot 
be found. As remarked after Lemmas |3.2| and |3.3[ we can assure that certain error 
terms (Ft) are smoothing, which is stronger than the lemma statements. This is, 
however, not needed for the proof of Theorem 1.5 and requires a bit more work. 
An analogous error term improvement is needed in the proof of Theorem 1.6 and 
we prove this in Section [5. 2| 



1.1. Basic Setup. We recall several definitions so as to fix notation. Analysis will 
take place on X, an n-dimensional manifold without boundary. Given P S 'if™{X), 
the mth order pseudodifferential operators on X, we let 

ct™(P) e S"'{T*X)/S"'-\T*X) 

denote the principal symbol of P, where S"^{T*X) is the set of m-th order Kohn- 
Nirenberg symbols on T* X. 

Let o be the 0-section of T*X. Denote by ^ : T* X\o x M+ ^ T* X\o the 
natural dilation of the fibers of T*X\o: given v E T*X, v ^ 0, fJ.{{x, v), t) = {x, tv). 
We call a subset of T*X\o conic if fi acts on it. We call a function / on T*X\o 
homogeneous of order m if 

{^i{■,trf){x,v) = t^f{x,v) 

and a vector field V on T* X\o homogeneous of order m if 

{^i-\■,t),)V{x,v)=f^V{x,v). 

At times we will assume that P £ ^''"(Ar) has a homogeneous (of order m) principal 
symbol p (i.e. a homogeneous representative for am{P) - note that, if this exists, 
it is unique), defined on T*X\o. Given such a p, real- valued, we let Hp be the 
associated Hamilton vector field on T*X\o. Note that then Hp is homogeneous of 
order m — 1. 

Given P g ^''"(X), let Y,{P) C T*X\o denote the characteristic set of P, and 
let Ell(P) C T*X\o be the complement. Note that if we assume that P has a 
homogeneous principal symbol p, T,{P) ~ p^^(O). Given u G 2?' (A), we let 

WF"(u) = Pi S(A) 

AG-^={u),AueLf^JX) 

be the Sobolev wavefront sets of u. That is, q ^ WF*(u) if there exists an A G 
^'"(A), elliptic at q, with Au S Lf^^iX). 

Given A e ^'™(A), let WF'{A) be the microsupport of A, that is g ^ WF'(.4) if 
there exists a 5 e *"(A) with g € Ell(B) and e U At G L°°([0, l]t, 

then 

q(^WF'{A) 

if there exists such a B with BAt € L°°{[0,1],^~°°{X)). Similarly, given a e 
S"^{T*X), we let the essential support of a be denoted by esssup(a) C T*X\o, 
that is, 

q ^ esssup(a) 
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if there is a conic open neighborhood of q on which a satisfies order —oo bounds. 
Given at G L°°([0, 1]*, 5"(T*X)), let 

q ^ esssupi„c([o,i])(at) 

if there is a conic open neighborhood of q on which at satisfies order — oo bounds 
independent of t. 

If -It = (ur)re[o,i] e L°°{[0,1],V'{X)), then say that 

WFl^([„^i])(w) 

if there exists an A e ^'{X) with q e E\\{A) and Aur e i°°([0, l]r,Lf^^{X)); with 
the obvious modification if u = (wT)Te(o.i] ■ We can relax the requirement of a fixed 
A, making it r-dependent, as follows. Given At S L°°{[0, l]r, '^^(X)) with choice 
of principal symbol Ur e L°°{[0, 1], S'' {T* X)), then in local coordinates (x,^), we 
say that 

(£,0 eEllic»([oa])(A,) 

if, in a conic neighborhood U C T*X\o of i,^, |a7-(2:,^)| > C(^)* for sufficiently 
large ^, with C and U independent of r. We then have q ^ WF^oc([o,i])(") if there 
is such an Ar with q G Elli=oQo,i])(^r). 

Note that all the sets defined in the preceding paragraphs are conic subsets of 
T*X\o. Shortly, wc shall regard them as subsets of the cosphere bundle - more on 
those in Section [Ol 

1.2. Standard Propagation of Singularities. We now recall a standard result 
(El)- As is customary, we refer to the integral curves of Hp as bicharacteristics. 
We do not limit ourselves to bicharacteristics within when using this term; 

we will specify inclusion in E(P) in theorem statements. 

Theorem 1.1. (Duistermaat-Hormander, [21 Theorem 6.1.1'] j Suppose P £ 
with real-valued homogeneous principal symbol p. Then given u G V^X), 

is a union of maximally extended bicharacteristics in I](P)\WF''^™^"'^(Pm). □ 

We now recall an analogous result, useful in scattering theory. Statements similar 
to this can be found in many places (see, for instance, TT]). The semiclassical 
version of this is proved in [2j (Lemma 5.1), and the proof carries over without 
difficulty. 

Theorem 1.2. (Datchev-Vasy, (21 Lemma 5. 1]^ Given P G ^'™(X),g = {Qt)tgIo,i] G 
L°°([0, 1]^,*"'(X)), and Ur e L°°{[0,l]r,T)'{X)) such that 

• P has real-valued homogeneous principal symbol p, 

• Qt has real-valued (choice of) principal symbol qr > 

• P — iQ^ is elliptic for r > (so in particular we can choose > for 

T > 0). 
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then 

WFl^([o,i])K)\WFrJ^+\,)((P - tQr)u,) 
is a union of maximally backward- extended bicharacteristics in 

s(p)\wF— +\])((p-*g.)^i.). 

□ 



Note that, while regularity propagates both forward and backward along bichar- 
acteristics in Theorem regularity only propagates forward along bicharacteris- 
tics in Theorem 11.21 

Definition 1.3. We call the vector field /(•) M- ^ |f=o/(M(', 0) the radial vector 
field. We say that Hp is radial at a point q E T* X ii Hp is a scalar multiple of the 
radial vector field at q, and we then call q a radial point of Hp. 



Equivalently, if we choose local canonical coordinates (x,^) for T*X, then Hp 
is radial at q if it is a scalar multiple oi ^ ■ at q. Note then that Theorem |1.1| 
and Theorem 1.2 say nothing at radial points: if g is a radial point, then Hp is also 



radial along g's orbit under /i (by the homogeneity of Hp). Thus the bicharacteristic 
going through g is a conic set. As WF''(u)\WF*~™^^ is conic, the theorem says 
nothing here. 

It turns out, however, that we can conclude more about the regularity of u at the 
]R+-orbit of a radial point q, depending on the dynamics of Hp around the orbit of q. 
We restrict our attention to the case where Hp is radial on a Lagrangian submanifold 
A of T*X\o. Before stating the results, we make some further definitions (some 
slightly nonstandard) to avoid making statements in terms of the M+ orbit of a 
point or bicharacteristics approaching such an orbit. 



1.3. The cosphere bundle picture. Let 

K : T*X\o {T*X\o)/R+ = S* X 

be the quotient map identifying the orbits of fi. We identify (r*A\o)/M+ with 
S*X, the cosphere bundle of X. Given q G S* X , let U he a conic neighborhood of 
K^^{q) with C : [/ — > homogeneous of degree 1 and nonvanishing. On U, we 
can then define the vector field Wp = C}~'^Hp. This is then homogeneous of degree 
0, so it pushes forward to a vector field on k{U) C S*X (which we will at times 
also call Wp). Note then that Hp is radial at K~^{q) if and only if K^,Wp vanishes 
at q. 

It is of course possible to have such a ( globally defined on T*X\o (we can, 
for instance, let C be the norm on the cotangent fibers induced by the choice of a 
Riemannian metric), and thus taking a globally well-defined Wp and q £ S*X, let 

T„ = {x e S*X\q I lim exp{±tK^.Wp){x) = q}. 

i— >-oo 

Note that while Wp depends on the choice of C, the integral curves do not (different 
choices of C correspond to different parameterizations of these integral curves). In 
particular, if we define C only locally, then the integral curves of the locally-defined 
Wp agree with the globally-defined ones. 
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If U has a coordinate chart (/) ~ (f)o x ( : U ^ Vq x where (f)Q is homogeneous 
of order (and C homogeneous of order 1), then is radial. If we set Uq — k{U), 
then 00 induces a coordinate chart ^pQ : Uq ~^ Vq determined hy o k = c/jq. 

Since WF"(u), WF'(^), Ell(A), esssup(a) and their L°°([0, l])-counterparts are 
conic subsets, it is natural to regard these as subsets of the cosphere bundle, and 
from here on we elect to do so: 

WF"(w),WF'(A),En(A),esssup(a) C S*X. 

We set, for P E '^"^{X), = k{J^{P)), and fixing a Lagrangian submanifold A 

of T*X, L ^ k(A). 

Assuming Hp is radial on a Lagrangian submanifold A C T*X, W.p vanishes on 
L. If we assume further that dp 7^ on A, then L is either a sink or a source for 
Wplg. In fact, if we look at the linearization of Wp\-^ at a point g € L, it has two 
eigenvalues: a nonzero Aq corresponding to the conormal bundle of L, and 0. We 
will see this quite explicitly in Section |2.1[ for a more general discussion on why 
this must be true, see, for instance, [Bj Section 2]. 



1.3.1. The compactified cotangent bundle picture. This section is optional and is 
included in order to give a nice picture of the classical {Hp) dynamics involved. In 
further sections we will work in the cotangent bundle and the cosphere bundle, and 
use this for supplementary commentary. We denote by T X the (fibre-) compacti- 
fied cotangent bundle of X. See [TTj for an introduction to this, and in particular a 
proof that it is globally well-defined; here we simply state the essential properties 
of it and give a local coordinate chart. 

r A" is a disk bundle over AT, constructed by compactifying each fiber of T* X to 
a (closed) disk. There is an inclusion j : T*X ^ T X, and the boundary dT X can 
be identified with the cosphere bundle S*X. Given q £ S*X, along with conic open 
neighborhood U = k~^(C/o) C T*X\o of K^^{q) and coordinate chart (p as above, 
we can give a coordinate chart (p : U Uq x [0, l]x for an open neighborhood 
f/ C T AT of (7 as follows. Given w £ U, let Lp{j{w)) — {(j)o{w), ^{w)), and for 
w £ S*X, let ip{w) = ((/)o(k~^(k;)), 0). We have a boundary-defining function x 
defined hy x ^ on the interior and x = on the boundary. 

Again taking the vector field Wp = C,^~"^Hp defined on t/, Wp extends uniquely 
(see [11]) to a vector field on tJ, which we will also denote by Wp. Wp is tangent 
to the boundary dT X, i.e. Wp £ Vb{U) (the Lie algebra of vector fields tangent 



to the boundary). Wp|s*x then agrees with n^Wp as defined in Section 1.3 



As noted at the end of Section 1.3 L is either a sink or a source for Wpjg,. 



As we will see in Section 2.1 more is true: L is in fact a sink or a source for 
Wplij, where E = EUl]cr X. The linearization of this has the same eigenvalue 
Aq corresponding to any boundary defining function. Our proofs of the following 
theorems depend on the behavior of Wp near L not just in the cosphere bundle but 
also in the interior of T X, and that L is a source or sink in this sense will be very 
important. 
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1.4. Statement of Theorems. First, we state a simple version, valid, for instance, 
when P G (X) . Here we choose a density on X in order to define P* ; however sq 
in the statement below does not depend on this choice. See section [l. 5. 1| for more 
on this independence. In particular, the homogeneous requirement on a,n-i{^-^f—) 
does not depend on the choice of density. 

Theorem 1.4. Given P G ^'"'(X) with a real-valued homogeneous principal symbol 
p such that Hp is radial (and nonvanishing) on a conic Lagrangian submanifold 
A C ^{P), with the additional assumption that am-i{ ^~^[ ) has homogeneous 
representative, then given q G k(A), there exist Sq G M such that 

• For s < sq, if there is an open neighborhood Uq C S* X of q disjoint from 
WF'-"'+\Pu) and from n WF'iu), then q ^ WF"(u). 

• For every s > Si > Sq, q WF''{u) implies q ^ WF^(u)\WF""™+\Pii). 

Next , we state a more general version, taking away the assumption on cr„i- 1 ( ^ ) • 

Theorem 1.5. Given P G ^'"'(A') with a real-valued homogeneous principal symbol 
p such that Hp is radial (and nonvanishing) on a conic Lagrangian submanifold 
A C Ti{P), then given q G k(A), there exist Sq, Si G M such that 

• For s < So, if there is an open neighborhood Uq C S* X of q disjoint from 
WF""'"+^(Pu) and from n WF^(m), then q ^ WF"(u). 

• Ifs> si,then q ^ WF'^u) implies q ^ WF"(u)\WF''~'"+^(Pu). 

We end this section by stating a theorem useful in scattering theory. As noted 
above, L is either a submanifold of sinks or a submanifold of sources for Wp. As a 
technical assumption, we take as given a choice of density on X. This is needed for 
the positive-semidefinite assumption below; as discussed below, some more effort 
should allow this to be removed. 

Theorem 1.6. Given P G ^'"(X), Q = (Qr)re[o.i] e L°°([0, 1]^, and 
Ur G L°°([0, l]r,V'{X)) such that 

• P has a real-valued homogeneous principal symbol p such that Hp is radial 
(and nonvanishing) on a conic Lagrangian submanifold A C S(P), 

• Qt is positive-semidefinite for r > 0, and 

• P — iQr is elliptic for r > 0, 

then for q G n{L), there exist sq, si G M such that 

• if k(A) is a sink for Wp\s-'X, then for s < sq, the existence of an open 
neighborhood Uq C S*X of q disjoint from 

WF— +\])((P-^Qr)zi.) 

and from 

r,nwFi^([o,i])K) 

implies q ^ WF|oo([o,i])('^r)- 
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if k(A) is a source for Wp\s'x, then for s > si, 

q i WFi^([oa])K)\WF^-7+\])((F- zQ.)u.). 



The value of sq for Theorem |1.6| is the same as in Theorem 1.5[ and si can be 
taken to be the lower bound on what si can be in Theorem ) 1.5 

It is worth noting that we can relax the assumption that Qr is positive-semidefinite 
for r > 0. If we have a choice of amiQr) that is positive for t > 0, then we would 
like to be able to apply a sharp Garding inequality Qt > Q'r for Q'r of lower order. 
If we can make Q'^ independent of r, or at least give it some uniform control in r, 
then Q' can then be absorbed in P, and the net effect would be a shift in sq and si. 
We elect not to pursue such a uniform sharp Garding inequality in this paper, as it 
is besides the central point. It is easier to relax this positive-semidefinite assump- 
tion in special circumstances, though. If, for instance, Q^- = tQ with a choice of 
(Jm{Q) positive, then we may simply apply sharp Garding or a related construction 
and again absorb a term into P. 

For all three theorems, Sq and si are determined entirely by am~i{ ^^f ) and 



dp around k ^{q). We give explicit formulas for them in Section 1.5.1 but it is 
helpful to motivate their formulas in the following sketch. 

As mentioned above, two more theorems are contained in Section [6j As the 
results require further definitions, we postpone their statements until then. 



1.5. Sketch of Proofs. In this section, we sketch the proofs that follow. This 
should help motivate the theorem statements, as well as help the reader to separate 
the essential details of the proofs from the technical details which can be arranged 
more easily. In the proofs of these statements, we adapt the positive commuta- 
tor argument that is now standard in microfocal analysis (see, for instance, [9], 
Proposition 3.5.1). 



In particular, in order to prove Theorem 1.5 we would like to construct families 
of pseudodifferential operators At, Gi^,G2d, Et, Ft so that 

^{AtP - P*At) = ±{Glt + Git) + Et + Ft, 

where all are of acceptably low order when t > Q (we can take order — oo when 
s < sqi but when s > si, we must stay at or above this threshold). That way, we 
can make sense of the following pairing with u ioi t > 0: 

{AtP - P*At)u) = {u, {±{G\ tGi.t -f tG2.t) + Et + Ft)u) 

li , ■ , ■ 

lmi{Atu,Pu)) = ±(||Gi,tM||2 + \\G2,tuf) + {u,Etu) + {u,Ftu) 

We have implicitly chosen (in writing these inner products and P* ) ana density for 
X - as we will argue later, it does not matter which. As t — 0, we would like G2.t 
to approach an operator of order s, elliptic at the point q £ L which we would like 
to prove is not in WF** (u) . This is accomplished if we can bound the left hand side 
of the above equation, as well as {u,Etu) and {u,Ftu). We bound the left hand 
side by requiring that At not only have the correct order but also microsupport 
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contained in some open neighborhood Uq C S*X on which we assume that Pu 
has regularity. We bound the term by requiring that Et have microsupport 
contained in some neighborhood where we can assume u has regularity. Lastly, we 
bound the Ft term by requiring that Ft has order 2s — 1, and work by induction, 
assuming that Ua n WF^^^^y) — 0, Notice that ||Gi,tu|p gets bounded for free 
here, since it is of the same sign as 1102, Its inclusion is simply meant to make 
the operator constructions easier. 

We construct these operators by quantizing real-valued symbols at, §1^1^92,1,^1 
so that 

1 P — P* 

-Hpat + (T„i-i{ — - — )at = ±{glt+92,t) + et- 
To do that, we further assume that U has a coordinate chart (j> — ipQ x ( : U ^ 



Vq X IR+ as in Section 1.3 In order to localize to U, we take 

at = {xiMfiPtiOr- 

Here x ■ ^ ~^ is a cutoff function localizing to U, and pt gives us the correct 
order properties (so for < = 0, it is the correct power of C, and for t > 0, of suitably 
lower order in C) . Taking at to be a square fixes its sign; as argued in the sketch of 
Theorem|1.6[ there is a better reason for making this a square. 



Define 

A = -HpC. 

This is a symbol, homogeneous of degree to— 1, defined on U . Under the assumption 
that dp 7^ on A (and hence that Hp 7^ on A), we may assume, possibly after 
shrinking U, that A is elliptic on U. The thresholds So,Si are chosen precisely so 
that when s < sq, 

(1-1) xiM' (^iHpiptm + <Tm-i{^^)pt{cr 

and A are of the same sign, and when s > si, they arc of opposite sign. For both 
cases, we need only have this condition satisfied for C sufficiently large (as we only 
need to determine our operators up to order —00), and we may also shrink U. We 
develop explicit formulae in Section [l.5.1[ 

Note that since Hp is radial at q, Hp{x(4>o)'^) raust vanish at q, so the 

IxiM'Hpiptm 

term must be what contributes to f;| ^ . This also explains the inclusion of 

'^'"-U — — j«* 

in the definitions of sq and si above. As we assume no control over this t erm, we 
must dominate it by ^HpUt- In the positive commutator proof of Theorem 



1.1 



can dominate this term with p^Hp{xi(f>o)'^), but here, this is not an option, and we 
must rely on the growth rate of pt to dominate this term. 



As we shall see in Section 2.1 K*Wp\hs{= k*(C^ is a sink or source 



depending on whether A is negative or positive (see also Section 2.1.1 for what 



is perhaps a clearer picture). Thus in the s < Sq case, the sign of (1.1 1 does 



10 



NICK HABER AND ANDRAS VASY 



not match with the sign of ptHp{x ° (ko) everywhere. We must then have the 
regularity assumption on u in some deleted neighborhood of q. As we will show 
below in Section [2. 2[ this amounts to assuming regularity on bicharacteristics which 



approach q, as stated in Theorem 1.5 When s > si, the signs of these two terms can 
be made to match everywhere on the characteristic set, and we no longer need this 
assumption. In regularizing, however, we cannot pass through this threshold si as 
i — >■ 0, as the sign would switch, taking away any hope of getting the desired bound. 
Thus we need an a priori regularity assumption q ^ WF'*^(it), and we regularize 
from that level. This a priori assumption also allows us to have the inductive 
assumption U n WF'^^^ (u) = 0, as we can start the induction at s = si + ^ (if 
the expected conclusion is to be stronger than this), but as we shall see below in 
Section |5.2[ this is for convenience rather than necessity, as we can actually take 
Ft e ^-^{X). 



We use a similar argument in the proof of Theorem 1.6 One key difference is 
that, by assumption, P — IQt is elliptic for r > 0, so elliptic regularity implies some 
regularity for Ur for r > 0. In a sense, this regularizes for us, and we can use our 
limiting, t = 0, operators (hence in what follows we take away the subscripts and 
write, for instance, A for Aq). This allows us to take away the a priori assumption 
q ^ WF*^(u). In taking away this a priori regularity, we can no longer have the 
inductive assumption U H WF'*~5(u) = (which would control the {u,Fou) term), 
as we cannot start our induction at s = si — ^. As mentioned above, though, with 
greater care in symbol construction, we can actually take F e , so this is not 
a real issue. 

Another key difference is that, as we have regularity on (P — zQt-)^, we modify 
the argument to involve the "commutator" ^{A{P — iQr) — {P* + iQr)A) (note 
that since is positive semidefinite, we assume Qt = Qt)- This gives us an extra 
term: 

1-.{A{P - iQr) - {P* + iQr)A) = hAP- P*A) - UaQ, + Q^A) 



We must be careful with this extra term: for r > 0, it is one order higher than 
we would like Gi to be, so the only way to control it is to ensure that it is, up to 
two orders lower, of the same sign as ^[G\ + G2) (i.e., have them both positive 
semidefinite or negative semidefinite). We chose, arbitrarily, A to have nonnegative 
principal symbol, but in order to get another order of control, we take (as this is 
easy to arrange) A = with B* = B. We can then construct operators so that: 

^(S2(F - iQ,) - (P* + zg,)p2) = ±[Gl + Gl) - BQrB + E + F^. 

BQt-B is a positive semidefinite operator, so we must ensure that the ± above is a — . 
As a result, the s < sq argument works only when A < 0, and the s > Si argument 
works only when A > 0; hence the sink/source assumptions in the statement of 
Theorem 11.61 



In order so that we do not need to construct At for the proof of Theore m |1.5| 
and then go back and construct B so that = B^ for the proof of Theorem 1.6 
we simply work with Bt, the quantization of 64, throughout. 
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1.5.1. Explicit formulas for sq, si . Here we give explicit formulas for the thresholds 
So and Si, using the coordinates and definitions of Section |1.5[ At the end of 
the section, we argue that the formulas are independent of choices made. In the 
formulas below, we choose any representative for am-i{^-^f—) and write it simply 
as (Tm-i{^-^f—)- In the homogeneous case of Theorem 1.4 the homogeneous choice 
is unique. 



We start by determining the values for Theorem |1.5[ As noted in the above 
sketch, we choose sq so that ( |1.1[ ) remains the same sign as A on U, for all t S [0, 1], 
and we choose si so that it has sign opposite to that of A. This does not depend 
on the form of pt, but only on its order of growth in A quick calculation verifies 
that at a point w Cz U, the critical order is the following: 

f{w) ^ (w) 



That is, at a point w e U, ( 1.1 ) is the same sign as A if and only if < 



and of the opposite sign as that of A if and only if ^ > ^(uj). 

As noted in Section [sj we need Bq to have order in both the s < sq 

case and the s > si case. We then define Sq so that on the support of the symbols, 
s < f + We may, of course, make the supports as small as we like, so long as 

52,0 is nonzero on K~^{q), and further, as the values of the symbols are irrelevant 
for ^ < Co (in the sense that order — oo error terms are irrelevant), we only need this 
to hold for C > Co > 0- It is thus optimal to choose (and so we take as definition) 

/ m — 1 
So := sup inf f\'>^) H ?, — 

U;^CUo with 9 6 (7^, Co >0 \{weU\K{w)<£Ul,X{w}>Ca} 2 

If we assume that am~i{ ^^f ) has homogeneous representative, then this sim- 
plifies. With that choice for crm-i( '^2i^ ) ™ definition of /, / is homogeneous 
of degree 0, so we may consider it a function on S* X, and take 

So = f{q) + • 
To be concrete, we note that in the s < sq case, we take 

where x G C'^(]^) is identically 1 in a neighborhood of 0. The reader may explicitly 
verify that the above choice of so works. 

In the s > si case, we must regularize so that 172,* has, for t > 0, order si because 
of the assumed a priori regularity q ^ WF'*^ (u). For t > we must then have bt of 
order . Thus we must have Si > / + on the supports of the symbols. 

As above, we may shrink the supports of the symbols, and further this only need 



be valid for C > Co > 0. It is thus optimal to choose (and so for Theorem 1.5 
take as the defining requirement) any si such that 

TO — 1 \ 



(Thm 1.5 1 si > inf ( sup fi'w) + 

Uo^Uo,q€Ul,,Co>o\{uieu\K.{w)eu;,,CM>Co} 
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If we assume that am-i{^—^—) has homogeneous representative, then this again 
simphfies: 

m — 1 

si > fiq) + 

where since / is then homogeneous of degree 0, we take it to be a function on S* X. 
Hence, as in the statement of Theorem |1 .41 we may choose any si > sq. 

To be concrete, we note that when s > si, we take pt(C) — C (1 + ^C)''^"- 

The reader may again exphcitly verify that any such above choice of si works. 



In order to prove Theorem [L6j we do not need to regularize, and we simply take 
the operators and symbols with t — Q. Thus the value of sq is the same in this case, 
and we can take Si to realize the lower bound for si in Theorem |1. 6 [ 

1- 1 



(Thm 1.6 1 si = inf sup /(w) + 

Uo^Uo,q£u;,Xo>^\{weu\K.{w)eu^.C(w)>Co} ^ 

In the case where am-i{ ^~^f ) has a homogeneous choice, we can take sq = si. 

The above determined values of sq and si may appear to depend on the choices 
of C, representative of (Tm-i{ ^^^ ) (when (7m-i( ^^f ) is not assumed to have a 
homogeneous choice), and density on X (which determines P*). The values are (as 
one should hope) independent of such choices. 



• If we instead chose any other : U ^ M+, homogeneous of degree 1, then 
we would have Ci = 5(0o)C for some g : Vq ^ M+. As A depends on (, we 
would define a different 

Ai = — ffpCi 

= -~CHpg{(t)Q) - g{(j>Q)HpC 
= ~(:Hpg{4>o) + g{(t)o)\ 

As Hp is radial along K^^(g), the first term vanishes on K~^(g), so it does 
not contribute in the formulas. Further, the g{(j)o) factors cancel in the 
fraction. Thus our formulas are independent of choice of A. 

• That our choice of representative for a„i-i{ ^~^ ) does not affect the values 
of So and si is clearer: the choice is determined up to one order lower, which 
does not contribute in the limit ^ oo- 

• If we chose a different density, then the adjoint operator to P would be of 
the form f~^P* f, where P* is the adjoint from the original density choice, 
and f e C°°{X). Wehave f-^P*f = P* + f-^[P*J]. Since ffp is radial at 
K^^{q), Hpf — 0, so (Tm_i(/~^[P*, /]) vanishes at K^^{q). This difference 
does not contribute in the formulas for sq and si. 



2. Classical Dynamics 

In order to prove Theorem |1.5[ we first must have some understanding of the 
symplectic geometry. First, we choose some convenient coordinates, then as a 
consequence we derive a geometric lemma useful for the s < Sq case. From now on. 
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we fix P as in Theorem |1.5[ and set 

S = E(P). 

2.1. Choice of coordinates. Let Ia^u = {/ e C°°(S n U)\ /|a = 0}, the ideal of 
smooth functions on E n [/ which vanish on A, where [/ is a conic open subset of 
T*X\o. Using the facts that Hp is radial on A and that A is conic, we have 

Hp : Ia,u — 5- ^A.u 
and thus, as would be a consequence with any such vector field, 

so we have the induced 

Hp : c°°(i] n u)/ilu ^ c~(s n u)/ilu. 

Our goal in this section is to choose coordinates which correspond to eigenvectors 
of this map, for a particular choice of U. We assume that P € is as in the 

statement of Theorem 11.51 



Lemma 2.1. There exists a conic open neighborhood U C T*X\o of k ^{q) with 
coordinate chart 

<j>:U^Vc X M^-i X X 

such that = {?7o = 0, a = /3 = 0}, A n ?7 = {?7o = 0, a = 0}, and S n J7 = 

{rjo = 0}, with C, is homogeneous of degree 1 and rio,a,/3 homogeneous of degree 
(with respect to the M-|- action in addition, 



(2.1) i*Hpaie ^a,+lljj 

(2.2) i*Hpp, e 

(2.3) HpC = -X 

with X e S™'{U) elliptic, where l : S(P) HU ^ U is the inclusion map. 

Remark. If U' is any other conic open neighborhood of K~^{q), then U CiU' also 
has such a coordinate chart, i.e., we can always shrink U, so long as it still contains 
K^^{q), and it will still have the desired coordinate chart. This will be useful as we 



prove Theorem 1.5 



Proof. We start off by choosing U, an open conic neighborhood of k ^{q), so that 
it has a canonical coordinate chart ip : U ^ V C M" x W^, such that (p{A D U) = 
V'nN*{x„ = 0}\o and K-\q) = {a; = 0, = . . . = ^n-i = 0,^„ > 0}, where N*Y 
is the conormal bundle of F C A", so in this case AOU = U' D {xn = 0, = . . . = 
£,n-i ~ 0}. This choice can be made: see, for instance, ^U\, Theorem 21.2.8. We 
shrink U so that ^„ > on [/. 

Define an intermediate coordinate chart 

(/>! : ^ V" C M^'-i X X W^-^ X 
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by 

yi = Xi,i <n 

Z — Xji 

9i = < n 
U 

C = Cn, 

SO y,z,9 are homogeneous of degree 0, and ( is homogeneous of degree 1. 

In what follows wc sometimes write p for p o o (p^^ , and similarly for other 
functions, in order to make formulas less cluttered. We have 

01*% = ^d0.,i < n 

i 

{ct>T'rd^n = dC 

and thus 

(l)i*ip^Hp = dc^pd^ + - yY^iOid^p - dy.p)d0. + dB^p{dy. - Oid^) j-{d^p)dt;. 
If we let LJ be the standard symplectic form on T*R", we have 

n-l 

{(fi-^ o = dzAdC + J2^yi^ ^'^^^i + ^i^O- 

i=l 

Noting that (/'i(A) = {z = 0,6 = 0}, p\a = implies that dy.p = d^p = on 
<?f)i((/?(A)). In order that Hp be radial on A, we must have that d$.p = on 0i((^(A)) 
as well. In order for nondcgencracy dp ^ to hold, we must have dzP 7^ on A. 
After potentially shrinking U further (and so also shrinking V and V"), there is, 
by the implicit function theorem, an 

/ : {{y, 0,0 \3z with {y, z, 9, () e V"} ^ ffi 

such that 

p('^r'(y>/(2/>^,C),^,C)) = o 

and /(0, 0, 1) =0. As p is homogeneous, we have 9^/ = 0, and using the above 
conditions onp at A, we have dy.f = de.f = on (j)i[ip(A)), for all i, so in particular 
/(2/,0,C) = 0. As this implies that de-dyj = dy.dy.f = 0, f{y,0,a) G 
(considered a function on T,r\U because y,0,( are coordinates for T,r\U). Thus 
we have the following: 

i*if*(i)ldy,p e Ia,!7 



PROPAGATION AROUND A LAGRANGIAN SUBMANIFOLD OF RADIAL POINTS 15 



We choose — (p*9i and 770 — —F^- To finish the lemma, it suffices to choose 
l3i{y,9) with dy./Si = (5,^ on A and 



2 

A,C/- 



This is easy to accomplish: we can, for instance, let 

where we above omit dependence on C, since is homogeneous of degree 0. 
Lastly, in order to assure that A — ip*(t>l{dzp) is elliptic, we may need to shrink 
U. □ 



2.1.1. The compactified cotangent bundle picture, continued. This section is op- 
tional and meant to give a nice picture of the dynamics involved. Let S = 
S U E C T*X U S*X = T*X, and A = A U L C T*X. Then given coor- 



dinates as in Lemma 2.1 we defin e x, a boundary defining function defined on 

on the boundary 



1.3.1 



^ on U, and x 



U = UUk{U) C T X, as in Section 
k{U). Further, 779,0;, and /3 extend to [/, and together with x give a coordinate 
chart for U. Wp — x"^~^Hp extends to a vector field on U, tangent to the boundary 
(that is, Wp e Vb{U)), and for this section we take Wp to be this extension. 



The eigenvalue Aq mentioned in Sections 1.3 and 1.3.1 is the value of x"^\ at q 



(note that ^ is homogeneous of order 0, so it extends to U), so here we define 
Aq = x"'X e C°°{t)). Ifwesetl^^ = {/ e C°°{^nU)\ f\L = Ojandi^ ■.T.^T*X 



inclusion, then 



L^Wpai e Xoai+ X- 



i^WpP.eil^ 



Wpx 



Xqx. 



In particular, the linearization of Wpj^ at q has two eigenvalues, X^iq) (of multi- 
plicity n — 1) and (of multiplicity n — 1). Thus we see the sink/source behavior 
at L. 



2.2. Geometric Lemma. We now state and prove a lemma which takes the reg- 
ularity assumed on u in the s < sq case in the statement of Theorem |1. 5 [ and gives 
us regularity in an open subset of S*X. This essentially depends on the fact that 
the flow lines of K^Wp are well-behaved close to L. As before, we take S = /«(S). 
We take P as in the statement of Theorem |1.5[ and Qr as in the statement of 
Theorem 11.61 

Lemma 2.2. Given an open neighborhood C E o/Fg n C/q for some open neigh- 
borhood Uq C S*X of q, there is an open neighborhood W' d T, of q such that 
W'\L C {exp{tK^,Wp)w I w GW,t>0} if L is a sink for n^Wp (respectively, t < 
if L is a source for K^,Wp). 
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Figure 1. S, in the case where L is a sink, using the coordinates x,a,fi. 



Proof. We first shrink Uq so that Uq = n{U) with U as in Lemma 2.1 Using the 



coordinates given by Lemma 2.1 we have a coordinate chart 
Here 

V'*(K*Wp)|, = ^ A(a,/3)(ai + Wiia, /3))da, + n{a, f3)d0^ 

i 

wheie WijTi e Il,Uo (where we define, analogously, Il.Co = {/ '= C°°(SnC/o)| /|l — 
0}). To analyze this, we introduce a blow up of L n Uq with blowdown map 

B : [C/o n S; C/o n i] ^ C/q n E. 

This can easily be described in terms of coordinates: [C/onE; UqDL] is diffeomorphic 
to a neighborhood of {r = 0,/3 — 0} in R+^r x ^S^^ x K^""^. In these coordinates 
and the coordinates for E n Uq, B is the map {r,u),(3) ^ (rw,/?). We then 

have r as a boundary defining function for B~^{L). 

K*Wp\^ then hfts uniquely to a vector field on [Uq n E;C/o H L], and in these 
coordinates, it is of the form 

{X{r, oj, l3)r + w{r, u, I3))dr + lo, l3)di^. + ri{r, u, (3)da^ 

where w,Wi,ri € l£. This is of the form 
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"q" ai 



Figure 2. The blow up construction 



where Vj_ is transverse to B^^{L). The Ufts of the integral curves of K*VFp|j, are 
the same as the flow lines of V± away from B^^{L), so to prove the lemma we may 
simply study the latter. 

As is standard ODEs (see, for instance, Chapter 1 of [H]), the flow of V± gives 
a diffeomorphism 

ip:W" d [Uo n S; C/o n L] ^ B-\L) x [0, 1] 

which extends the 'identity' B-^{L) B-^{L) x {0} (and W" is an open neigii- 
borhood of S-i(L)). 

The set W in the assumption of the lemma gives an open set U' C B^^{L) of 
B^^{q) such that 

U' X {1} c ip{B-^{W)). 
We can then take W = B{ip-\U' x [0, 1))). □ 

Corollary 2.3. IfWF'{u) n C/q n for some open neighborhood Uq C 5"*^ 

of q with WF''""+1(Fm) nUo = 9, then WF''(u) n iW'\L) = for some open 
neighborhood W' C S of q. 



Proof. Since WF'^{u) is a closed set, J7o\WF*(m) is such a as in the statement 
of Lemma 12.21 The result then follows from Lemma 12.21 and Theorem 11.11 □ 
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Flow lines of V± 



B-HL)x{0} 




B-\L) X {1} 




[Uq n S"; jJo n l] 



B-\L) X [0,1] 



Figure 3. The map -0 



Corollary 2.4. If L is a sink for K^Wp and WF l^(^[o^i]){ut-) H Uq CiTq — 9 for 
some open neighborhood Uq C S*X of q with WF^"^™q"'|^j^ ((P — iQr)ur) H C/q = 0, 
then WF^ooQQ i]){ur) H {W'\L) ~ for some open neighborhood W' C S of q. 



Proof. This follows in the same way as the above corollary, this time applying 
Lemma O and Theorem O □ 



3. Commutator Argument 

In this section, we state the operators which we will construct in Section |4j 
and then assuming their construction, prove Theorem |1.5| First, we need a gen- 
eral lemma regarding families of pseudodifferential operators. This will help when 
regularizing. 

Lemma 3.1. If At € L°°([0, l]t, for any r G K, with At Aq in the 

topology of "i/^^^ (X) for some S > 0, then At — > Aq in the strong operator topology 
of operators H^{X) II^^^{X), for all s G M, for any density choice for X. 



Proof, liv € H^'^^{X), then given the continuity assumption At — ^ Aq and the fact 
that the standard map W+'^{X) C{H'+^{X),H''-''{X)) is continuous, we have 
that Atv Aqv in the topology of H''-\ The assumption At £ i°°([0, l]t, '^''{X)) 
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implies that, if u G H'^{X), then AfU is bounded in H''-'^{X). As H'+\X) is dense 
in H'' (X), Atu^ Aqu in H'-'^iX). □ 

3.1. s < Sq case. 

Lemma 3.2. Given an open neighborhood Uq C S*X of q, there exist 

B = iBt)te[o,i] ^ L°°{[OA]u^''^ (X)), 
Gi = (Gi,Ot6[o,i]. G2 = {G2,t)tel0A] e L^{[0, l]t,^'{X)), 
i? = (£;Ote[o,i] eL°°([0,l]t,vI/2^(X)), 

F ^ {Ft)te[o,i] e L^{[0,l]u^''-HX)), 
H = {Ht)t^[o,i] e L^{[0,l]u^'-"'+\X)), 
J=(Jt)te[o,i] ei°°([0,l]t,*2^-™(X)), 



such that 



Bt — G2,tHt + Jt 



(1) all operators are in °°{X) for t > 0, 

(2) Bt,Gj_t are continuous in the topologies of 2 {X),"^^^^ {X), re- 
spectively, for all i5 > 0, 

(3) all operators have WF^ooqq contained in Uq, 

(4) WF'i^([o,i])(i?t)nL = 0,, 

(5) = Bt (assuming a choice of density for X), 

(6) Ell(G2,o). 

Remark. More is true: we can actually take Ft, Jt G L°°{[0, l]f, ^P^""). This is not 
needed in this proof of Theorem |1.5[ but we prove an analogue in Section 5.2 which 
carries over. 

For now, we assume this lemma and proceed to prove the s < Sq case of Theo- 
rem [TTSl 



Proof, (s < So case of Theorem 1.5 1 



We may assume, by shrinking Uq if necessary, the following: 

• WF''^^{u) f] Uq — 9, a.s q ^ WF'* (X) for some s' and we can inductively 
improve regularity by |, each time making Uq smaller. 

• WF"(m) n S n {Uo\L) = 0, by Corollary [2^ 
, WF'^~"+i(Pu)nC/o = 0. 

As in the sketch of the proof, we begin by choosing a density for X, which gives 
us distributional pairings. In order to avoid some complications with pairings, we if 
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necessary modify the constructed operators to have compactly supported Schwartz 
kernels. For t > 0, the following pairings are well-defined, and equality holds: 

j.{u, {B^P - P*B^^)u) =sgn(A)((«, G*^,Gi,tu) + {u, Glfi^^tu)) 

+ {u,Etu) + {u,Ftu). 
We have {u,G-jj.u) — \\Gj^tu\\^, and on the left-hand side, 

\^^{u,B^P-P*BM = \^^{{u,B^Pu) ^ {B^Pu,u))\ 
= \lm{u,BfPy)\ 

= \lm{{u,G2.iHiPu) + {u,JtPu))\ 
= \lmi{G2,tU,HtPu) + {u,JtPu))\ 

< \Im{u,JtPu)\ + \\G2^tu\\\\HtPu\\ 

< \Im{u, JtPu)\ + ^-\\G2,tuf + ^WHtPuf 
for any c > 0, which we choose to be < 2. Wc then have 

\\Gi,tf + (1 - ^)\\G2,tur < yJH.Puf + \Im{u, J,Pu)\ 

+ \{u,Etu)\ + \{u,Ftu)\ 

By the assumed regularity of Pu, \\HtPu\\ and {u. JtPu) remain bounded as t ^ Q. 
Since WF'2^oo([o,i])(-Et) ("1 WF''(w) = (away from S, too, by elliptic regularity), 
(w, Etu) remains bounded as t ^ 0. Lastly, by assumption on the regularity of 
u in n{U), {u,Ftu) remains bounded. Thus Gi,tW and G2,tU remain bounded in 
By Banach-Alaoglu, G2,tU has a weakly convergent sequence G2,t„'U in 
L'^{X). On the other hand, by the continuity assumption on G2,t, G2,tW — >■ Gj^u 
in the sense of distributions. Thus G2,t„M — >■ G2,o'U in L'^{X)-, so G2,oW € L'^{X). 
Thus Ell(G2,o) n WF'*(w) = 0, so 5 ^ WF'(u). ' □ 

3.2. s> s\ case. 

Lemma 3.3. Given an open neighborhood Uq C S*X of q, there exist 

s = (^t)t6[o,i] e L°°([o,i]t,*'"^(x)), 
Gi = (Gi,t)t6[o,i],G2 = {G2,t)te[o,i] e L°°([0,l]t,*«(X)), 
i^=(St)te[o,i] eL°°([0,l]t,*2«(X)), 
F=(Fi),e[o,i]eL-([0,l]i,*2«-i(X)), 
H = (ift)te[o,i] e L-([0, l]t, ^^-^+\X)), 
J=(Jt)te[o,i] eL°°([0,l]t,*2«-'"(X), 

such that 

= -sgn(A)(Gt,,Gi,t + G^,,G2,t) + Et + Ft 
Bf = G2,tHt + Jt 

with 
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(1) fort> 0, Bt e -^—^ iX),Gj.t £ '^''{X),Et G '^^"^{X), 

(2) Bt,Gj,t are continuous in the topologies of '^^^ ^^{X),^!^^^{X), re 
spectively, for all S > 0, 

(3) all operators have WF^^cqq i]) contained in Uq, 

(4) WF'^^(fo^i])(i?,)nE = 0, 

(5) = Bt (assuming a choice of density for X), 

(6) gGEr(G2,o). 



Remark. As with Lemma 3.2 we can actually take Ft, Jt e L°°{[0, l]t, '9^°°{X)). 



As above, we assume this lemma is true and proceed to prove the rest of Theo- 
rem [TTSl 



Proof, (s > si case of Theorem 1.51 



We may assume, by shrinking Uq if necessary, the following: 



• WF''"5(")(X) n [/q = 0, as g WF^^iX), and we can inductively improve 
regularity by i, each time making Uq smaller. 

• WF"i(u) n C/o 0. 

, WF"-™+i(Pu)nC/o = 0. 



As before, we choose a density for X, which gives us distributional pairings, and 
again we may take the constructed operators to have compactly supported Schwartz 
kernels. For t > 0, the following pairings are well-defined (here we use WF*^ (m) n 
Uq = 0), and equality holds: 

{B^P - P*Bl)u) = - sgn(A)((^., GltGi.tu) + {u, G^^.Gs.tw)) 
+ {u,Etu) + {u,Ftu), 

To deal with the left-hand side, we need a lemma: 
Lemma 3.4. For t > 0, 

{u, (B^P - P*B^)u) = {u, B^Pu) - {B^Pu, u). 



Proof. It is tempting to simply conclude this immediately, but note that it is not 
clear just by the regularity assumptions that (u,P*B^u) is well-defined. This was 
not a problem in the s < sq setting because there Bt G 'i/~°°{X) for t > 0, but 
now the order is higher. Thus to prove this, we regularize again. This is a fairly 
standard argument, but since there are several details that need to be verified in 
order to be sure that it works in this instance, we write the argument out in some 
detail. Let S L°°([0, 1]*-, ^'°(A:)) be such that Af € '<i'-°°{X) for t' > 0, and 
At' Id as <' ^ in ^''(X) for S > 0. 
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Fixing t > Q, then for t' > 0, we have 

+ {u,[P*BlAt']u) 
= {u,At'BfPu) - {At'B^Pu,u) 
+ {u,[P*BlAt,]u). 
Note that, as t' 0, [P*Bf,At'] in ■^^'^+^{X) for 5 > 0. 

Let A' e -^^iX) be such that WF'(A') c Uq and WF'(Id-A') n WF'(Bt 
Then 

{u,At'BfPu) ={A'u,At'A'B'^Pu) + {u, {ld-A'*)At'A'BfPu) 
+ {u,At'ild-A')BfPu). 
We have A'BjPu e H'^{X), {ld-A'*)At'A'BfP e L°°([0, 1]^/, and 



At'(Id-A')Bt^P e L°°([0, l]t',*"°°(X)). Thus, we can apply Lemma |3.l| and 
obtain 

{u,At,B^Pu) {u,At'B^Pu) 
as — > 0. Handhng the other terms similarly, we have 

{u,At'{B^P^P*B^)u) ^ {u,iBfP-P*B^)u), 
{At'B^Pu,u) -> {B^Pu,u) 
(w, ^ 

as t' — > 0. This proves the lemma. □ 

Finishing the proof of Theorem |1.5[ wc have, as in the s < Sq case. 



\lmi{Bfu,Pu))\ < \lra{u,JtPu)\ + ^\\G2,tuf + YjHtPuf, 
for any c > 0, which we again take to be < 2. We then have, for t > 0, 

WGiA' + (1 - ^)\\G2,tur < Yj^tPur + \lm{u, JtPu)\ 

+ \{u,Etu)\ + \{u,Ftu)\ 

All terms on the right side remain bounded as i — > (the only difference from the 
s < Sq case is that WF^ooqq i]')(£'t) n S = 0, so {u,Etu) remains bounded simply 
by elliptic regularity). As in the s < sq case, we conclude that 02,0^ & so 
qi^¥'{u). ' □ 

4. Construction of Operators 



Here we prove Lemmas 3.2 and 3.3 To do this, we construct symbols supported 
in U — k^^{Uq), and quantize these. For this section, we do not need to be too 
careful about our choice of quantization. We require that our quantization q satisfies 

WF'i«,([o_i])(g(at)) = esssup^ocfoa] (at), 

where at E i°°([0, 1],5''(A:)). We also require that if a e S''{T*X) is real-valued, 
q{a) — q{a)* G W^^{X). These are both easy to accomplish: the standard left 
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and Weyl quantizations in M" satisfy this, and we can simply patch either of these 
together. 

4.1. Proof of Lemma |3.2[ It suffices to produce symbols 

91 = {9i,t)te[o,i],92 = (52,t)te[o,i] ^ {[0,l]t, S%T* Xj), 
e = (et)te[o,i] ei°°([0,l]*,52^(T*X)), 
h = {ht)telOA] e i°°([0, l]t,S^-"^+\T*X)), 



such that 



1 P — P* 

Hphl + — = sgn(A)(5? t + gL) + e* 



2" ' 2i 



b] = g2,th 

with: 



(1) all symbols of order —oo for t > 0, 

(2) bt,gj^t are continuous in the topologies of S 2^ ^ {T*X) and S^^^ , re- 
spectively, for all (5 > 0, 

(3) supp(&t),supp(e(),supp(5j,() C k^H^^o), 

(4) esssupioo([o,i])(et) n A = 0, 

(5) all symbols real-valued, 

(6) gGEll(g2,t). 

Indeed, let Bt = ilMd^lMl^ (^^.^ ^ ^(^^.^)^ ^ q(g^) and Ht = q{ht). Then 
(J2s{B'^P - P*B^ - sgn{X){GltGi^t + G^.tGz,*) - Et) = 0, so the error Ft is as 
desired. Further, we have 

Bf = HtG2,t + Jt 

for some Jt as desired. 

To construct bt, we first assume (by shrinking U := k~^{Uo) if necessary) that 
U has a coordinate chart (j) as in Lemma [2T| We choose functions Xo,Xi)X2 G 
C°°{U) homogeneous of degree 0, and pt <E L°°{[0,l]t, {X)),so that xoXiXi 



functions as the cutoff x(^o) did in Section 1.5 and pt is the weight with desired 



order properties. As in Section 1.5.1 we let x € C'^(M) be identically 1 in a 



neighborhood of 0. Then let = C 2 ^ x(tC)- As in our definition of sq, choose 
an open neighborhood Uq C Uq of q, along with Co G M+, so that 

P — P* 

PtHpPt + cr„i_i( )pt 

remains the same sign as A inside k^^ {Uq)!!^^^ {{(q, 00)). As this is only true for C > 
Co, we need to include an additional cutoff (this also serves to make homogeneous 
symbols smooth up to the zero-section of T*X) p : C/ — M such that p is identically 
for C < Co and identically 1 for C > Co + 1- We then let 

bt = /5(C)XoXiX2Pt 

inside U and identically outside U. This will have the desired properties if: 
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q 




Figure 4. Values of 771, ?y2 on S 

• sgn(A)xi^?pXi is real-valued and smooth, 

• k(supp(xoXiX2)) is a compact subset of t/g. 

• supp(xoXi-ffpX2) n A = 0, and 

• suppxiX2-ffpXo n E = 0, 

To construct Xo, Xii and X2, let ?7i, 772 : C/ — > M be defined by 771 = \j3\^ + C\ 



2 



?72 = with C < to be chosen. Recall that we define 770 = ^ a coordinate of 



in Lemma 2.1 Let x € C°°(M) so that 



• X>0, 

• X = 1 for i G (—00, e), 

• x{t) = for t > T, 

• X' < 0, 

with T to be chosen, and < e < T arbitrary. 

To choose C,T appropriately, note that, by Lemma |2.1 



where r, s are homogeneous of order rri — 1 in C, and l* s €T\^,L*r &T\jj, where 
as before we let t : E n f/ ^ i7 be inclusion. Choose C so that C^|ap + s is of 
the opposite sign as A on of E n [/). Then choose T > sufficiently small so that 
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HpTji is of the opposite sign as A on supp(x(?7i)x('72)x('7o))! whose image under k 
is a compact subset of t/g. We then let 

Xo = xivl), 

xi = xMi 
X2 = xim)- 



We then define 

9i,t = /5(C)X2X3Pt \J sgn{X)xiHpXi 



P - P* 

52,t = p{C)XiX2X'i\l sg-a.{\){ptHpPt + am-i{ — ^. — )Pt) 

e* = p'^xixlx2HpX2 + p'^xlxlxsHpXs + xlxlxlplpHpP 

in 17, and extend these to aU of X as identically outside of U . Note that the 
above choices of C, T, and e ensure that gi t and g2.t are smooth and real-valued, 
and that q E Ell((72,o)- The above choices also ensure the desired essential support 
for et, and we have 

1 

2' 

Lastly, we can set 



-Hpb'^^ + abl = sgn{\){gl^ + gl^) + e*. 



^8gn{\){ptHpPt + a„,_i(^)p?) 

inside U, and identically outside of U. The symbols thus have the desired prop- 
erties. □ 



4.2. Proof of Lemma |3.3[ It suffices to produce symbols 

b^{bt)te[oA]eL°°{[0,l]t,s''^{T*X)), 
91 = i.9i,t)telo,i],92 = {92,t)telo,i] e i°°([0, l]uS%T*X)), 
e ^ {et)telo.j] e L°-{[0,l]uS^%T*X)), 
(/it)tE[o,i] e L°°([0,l]„^^-™+i(T*X)) 

such that 

1 P — P* 

-Hpbl + am-ii — — )bt = -sgn{X){glt+ git) + et 
bt = 92,tht 

up to order — oo, with: 

(1) for t > 0, bt £ S ^''~^^*\ T*X),gj,t £ S''^{T*X),et £ S^'^{T*X), and 

ht £ S'^i-'"+i(r*x), 

(2) bt and gj^t are continuous in the topologies of S^" ""^^^ {T*X) and 
S'^+^(T*X), respectively, for all S > 0, 

(3) all symbols are supported in k~^{Uo), 

(4) esssup(et) n S = 0, 

(5) all symbols real-valued. 
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(6) (7eEll(g2,o). 



We then quantize as in Section 4.1 To construct bt, we again assume (by shrink- 
ing U = K^^{Uo) if necessary) that U has a coordinate chart cj) as in Lemma 
We choose functions Xo,Xi G C°°{V) homogeneous of degree 0, and 



2.1 



+1 



PtGL°°([0,l]i,5^^(X)) 



to serve similar roles as in Section 



4.1 



1.5.1 



we let pt = C ^ ^ (1 



As in Section 

tCy'^~^. As in our definition of si, choose an open neighborhood Uq C Uq of q, 
along with (^q G so that 



2 



PtHpPt + (J,n-l{ ^. )Pt 

remains the opposite sign of A inside K^^(?7Q)nC^^((Co, oo))- We then take p : U 
K to be as in Section [Hi] We then let 



bt = PXoXiPt 

inside U and identically outside U. This will have the desired properties if: 



• —sgn{X)xiHpXi is real-valued and smooth. 

• k(supp(xoXi)) is a compact subset of Uq. 



• suppxiiJpXo n E 

To construct xo and Xi, let Vi ■ U M.he as before, but this time we will take 
C > 0. Let X G C°°(M) be as before, with T to be chosen. We again have 

Hprji ^2C^\a\^ + 2Cr + s 

with r, s homogeneous of order m — 1 in and l* s G l\ jj, L*r G jj (as before 
t : S n J7 — >■ [/ is inclusion). Choose C > so that C^|ap + s has the same sign as 
A on S n U. Then choose T > sufficiently small so that HpTji has the same sign 
as A on supp(x(?7i)x('7n); whose image under k is a compact subset of Uq. We then 



set, as in Section 4.1 xo = xiVo) and xi = xivi)- 
We then let 



gi,t = pxo\ -sgn{X)xiHpXi 



P — P* 

52,t = pxiXov/ -sgn(A)(pt i/pPt + cr„_i( — - — )p2) 
et = p'^xlPtXoHpXo 

in U, and extend these to all of X as identically outside U. Note that the above 
choices of C, T, and e ensure that ensure that gi^t and g2,t are real-valued and 
smooth, and that q G Ell((72,o)- The above choices also ensure the desired essential 
support for et, and we have 

1 

up to order — oo. We leave out XoXiPtPHpp for convenience in adapting this to the 
proof of Theorem |1.6[ 
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Lastly, we can set 



ht = = PXoXi 

52. t 



on U and identically outside of U . The symbols thus have the desired properties. 

□ 



5. Proof of Theorem 11.61 

In the previous proofs, we constructed an operator Bt such that i^{B^P — P* B^) 
had some desired properties. The fact that we actually have a squared operator in 
that expression did not come into play much, and in fact was not needed. Here, 
however, the extra arrangement shall pay off. 



5.1. Sink Case. Using the operator definitions as in section 4.1, let B = Bq, 

Gj = G.jfl, E = Eo, M = Ma, F = Fa, and N = Nq. Then for aU r e [0, 1], we 
have 

^{B^P - iQr) - {P* + tQr)B') - ^{B^P - P*B'') - liB^Qr + QrB^) 

- sgn(A)(G^Gi + GIG2) - BQrB 
+ E + F+^[[B,Qr],B] 
-GlGi - G2G2 - BQrB + E + F 

+ ^[[B,Qr],B] 

where we used the fact that since q is a sink, A < 0. We can assume (by induction) 

g__ 1 

that WF^^^j^jp i])('^r) n C/o = 0- This time we further choose Uq to be disjoint from 
WF^^™[o_\]-)((P-iQr)ur) and (WF^^qq i])(u^)\L)nS. The latter can be arranged 



by Corollary |2.4[ For r > 0, we pair with Ur as before: 

hur, (B^iP - iQr) - {P* + lQr)B^)Ur) - - K, GjGlU,) - (u,, G^GsU.) 

— {Ur, BQrBUr) + (u^, EUr) 
+ {Ur,{F+]^[[B,Qr],B])Ur). 

Note that for t > 0, these are all well-defined: since P — iQ^ is elliptic for r > 0, 
by elliptic regularity, V n WF''+^(ut-) = 0. Hence 

and 

{Ut, BQrBUr) — {BUr,QTBUr) 

are well-defined. By the regularity assumption on u^, 

WFi.„([o,ij)K)nWF'(i?)=0, 
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SO {utiEut) is well-defined and remains bounded as r — >■ 0. By our inductive 

8- - 

assumption WF^^^^jg i])(^*r) fl V = 0, along with the fact that F, \^B,Qt]-,B] e 

{Ur,{F+'^[[B,QrlB])Ur) 

is well-defined and remains bounded as r ^ 0. Further, for r > 0, 

(S2(P - iQ,) - {P* + iQr))Ur) = lm{{Ur, B^P - iQrW)) 

is well-defined, and as before, we have 

\Im{Ur,B^P-iQ,)Ur)\ < \lm{Ur,N{P-iQ,)Ur)\ + ^\\G2Urf + ^JM{P-iQ,)Urf 

for any c > 0. By the regularity assumptions on and {P — iQr)ur, both 
\lm{uT,N{P — iQr)ur)\ and \\M{P — iQ^)ur\\^ remain bounded as r — )■ 0. 

+ - ^)\\G2Ur\\' + {BUr, QrBu,) 

< \lm{Ur,N{P - iQr)Ur)\ + - iQr)Urf + \{Ur,EUr)\ 

+ \{ur,{F + '^[[B,Q,],B])ur)\ 

Since Qt is positive semidefinite, {Bur, QtBut) > 0, so since all terms on the right 
hand side remain bounded, all terms on the left hand side remain bounded, and 
the proof proceeds as in earlier cases. □ 

5.2. Source Case. As we assume no a priori regularity on Ut (as we assumed 
q ^ WF*^('u) in the previous theorem, for instance) the argument carries over to 
this theorem only after some extra preparation. Specifically, we can no longer work 
by induction, improving regularity by ^ at each step. Since Ut G i°"([0, 1],2?'(X)), 
we only have that Ut S L°°{\p,l\,H~^ {X)) for some A'', but if we were to run 
the commutator argument and attempt to get regularity —N + |, the sign of the 
G2 term would oppose the sign of BQ^B, and so we cannot control the sum of 
these terms. Thus we will instead be more careful with our operator construction 
and ensure that F, J E '^~°°{X). As we are controlling errors which vary in r, 
we should expect that more of our operators depend on r. Below, G2, H, F and 
J become r-dependent operators. While we are making things more precise, we 
might as well construct Gi and ^2,1- to be self-adjoint along with B. 

We will construct operators so that we have 

1^{B\P - iQr) - {P* + iQr)B^) = -sgn(A)(G? + G^_,) - BQ^B + E + F^ 

= -Gj - Gl^ - BQrB + E + Fr 
B^ = H-^G2,T + Jt 

with 



• 5 e T*\ X) with B* = B, 

• Gie*'*(X) withGt =Gi, 
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• G2 = (G2.0re[o,i] e L°"([0,1],,*^(X)) with q e Elli=o[o,i](G2,^) with 
G* = G,, 

• G ^ji-j^ WF'(£;) n E = 0, and 

• e L°°([0,1]^,«'-°°(X)). 

• ./ = (.-/r)re[o,i] € L°°([0,1],,^'— (X)), and 

• H = {Hr)re{o,i] e L°°([0,l],,*«-™+i(X)) 

We want similar supports as before: all operators have WF' (in the case of operators 
varying in t, WF^oo([o,i])) contained in Uq, chosen so that WFj;,oo([o,i])(-P ~ ^Qt) H 
C/o = 0. ' 

Assuming this, the argument proceeds as usual: we obtain 

||GiW,f + (1 - |)||G2,xWrf + {BUr,QrBUr) 

< \lm{Ur,Jr{P -iQT)Ur)\ + ^\\Hr{P - iQr)Ur\\^ 
+ \{Ur,EUr)\ + \{Ur,FrUr)\ 

Since J^,F^ € L°°([0, 1]^, {ur,J{P - iQr)ur) and {ur,Fur) remain 

bounded as r — >■ 0. By the regularity assumption on {P — iQT)ur, ||-ff(P — «(5t)mt|| 
remains bounded as well. The proof proceeds as in the previous proofs, and we 
obtain GrUr e L°°{[0, 1],L'^{X)). Thus q ^ W^-F£oo([o,i])(wr)- 

Now we must construct these operators. As we need extra control, we must be 

more careful in specifying our quantization map q. Essentially, since we are working 
in a coordinate neighborhood, it suffices to use the standard Weyl quantization (we 
could use another quantization, but we want some operators to be self-adjoint, and 
this makes that easier) in that neighborhood, and the corresponding full symbol 
map. To be more precise, let tt : T* X ^ X he projection to the base. By shrinking 
U, we may assume that there is an open U'x C X of 'k{U) and canonical coordinate 
chart -4, : U' = tt~^{U'x) ^ C x K^. Let : C^x ^ be the 

corresponding map for the base. Let g € G^(X, M) be identically 1 in ^{U) and 
supported inside Tr{U'). We define a quantization 

as follows, where Sq{U) is the space of symbols on X whose support is contained 
in U. Given a € ^^(C/) and v € C°°{X), define 

q{a)v = g'tlJx{qw{{->P~^)*a){tpx^y{gv)), 

extended as identically outside of U' (implicitly in the formula, we extend (ipx^)* (gv) 
as outside U^, and we extend {'tp~^)*a as outside of U'). Further, we have a 
full symbol map 

a : *''(X) ^ S'^(K^;M^), 

defined as follows. Given A G ^'^{X), we may associate with it with an element of 
by 11 H> (t/jx^l)*{gA{gip*xv)), extending as identically outside of U'x- We 
then use the standard Weyl full symbol map on this operator. 

This quantization and corresponding symbol map have the following properties. 
First, given A e '^'^{X), ar{A)\u has as a representative a{A)\ir. Second, tp* oaoq 
is the identity on Sq{U), at least after extending the image of this map to be 
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identically outside of U. Third, if we choose a density on X which agrees with 
the standard density on M" when pulled back by ifix^, then if a e S'q([/) is real- 
valued, q{a) is self-adjoint. Fourth, 

WF'(yl) nU C ?/'"^(esssup(cr(A))) 

for any A e W{X). Fifth, given A e ^'''(X) and B e then we have the 

following asymptotic expansion, valid only inside 4>{U): 

oo 

a{A o B){x, :i^MA),a{B)Ux, C) 

j=o 

where {a,b}j{x,0 {^YiD^ ■ Dy - ■ D^ya{x,S,)b{y,'q)\y=^,jj^^ 

In what follows, we leave out pullbacks by i/j and so as to avoid cluttered 
formulas. Let b = bo, e = eo,5i = gi,0i52,s = 52,0 as defined in Section 4.2 (so all 
supported within [/), with an additional condition on x : IR- In some small 

neighborhood of T, we would like x(t) = exp(— for t < T, and x{t) — for 
t >T . The details do not matter so much; it simply achieves what we really need: 

• x'{i) = f{'t)x{t) on t < T for some rational function r which is smooth for 
t < T. 

• ^(Ox(^) is smooth for any rational function s which is smooth on i < T. 

We then let B = q{b),E = q{e),Gi — q{gi), and the strategy will be to include 
lower-order terms for G2 to cancel error terms. We proceed to choose real-valued 
g2.s-j € -^°°([0i 1]: "5*0 "'(C^)) (.92, s has already been chosen and is r-independent 
- hence if (72. s is elliptic at g, g e E11j;,oo(jq j^j^ (G2,t)) and then create real-valued 
52 G L°°{[0, 1],S'q(J7)) with asymptotic expansion 

00 

(5-1) 52 51 52,s-i 

j=o 

so that if G2,r = 9(52), then € L°°{[0, l]r, *"°°(X)). Note that if each 52,s-j is 
real- valued, then (72 can be chosen to be real valued. Thus B,E,Gi, and G2.T are 
self-adjoint. 

Let 

(5.2) A := ^.{B^P - iQr) - {P* + iQr)B^) + + BQ^B - E 

= hB^P-P*B^) + \[[B,QrlB]+Gl-E 

We would thus like to choose g2,s-j so that A + G L°°([0, 1]^, *-°°(X)). We 
have the following asymptotic expansion: 

00 

(5.3) g{A) ^ J2 a2s-j, a2s-, e 52^-^(M^ x M^') 

3=0 
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where 



0-23-] = 




1 / {{{b, b}i,a{P)}k - MP*), {b, b}i}k) 



2i 



+ 



{{b,a{Qr)}i-{a{Qr),b}i,b}k 



2 



(5.4) 



{b,{b,a{Qr)}i-{a{Qr),b}i}k 



2 



up to order — oo - we leave out all terms where a derivative is applied to p. Note that 
our earlier construction ensured that a2s = —92 si up to order —00. The specifics 
of this are not so important, except that each 02^-1 is a sum of fimctions of 
the form rxoXiSP^) where g is smooth and r is a rational function with poles at 
C|/3p + |ap = T and tjq = T (i.e., the boundary of supp(xoXi))- Denote this 
property by (*). 

We define g2,s-j recursively for j > 0: 



(up to order —00 - we again leave out all terms where a derivative is applied to 
fho) where 32, s 7^ and identically when 52,5 = 0. Note that this recursive 
definition makes sense: the definition for g2,s-j depends only on 92,3-1 for / < j. 
Further, these are smooth: since a23-j has property (*), and g2,3 is XoXiP times a 
nonvanishing function, we may recursively check the numerator in the definition of 
g2,3-j always has property (*), using the properties of x- 

Lastly, note that A + G2 & i'°°([0, ^'~°°(X)): we have asymptotic expansion 



(5.5) 



92,3-j = - 



0<k<j 





(5.6) 




0<k<j 




and each g2,s-j is chosen so that 2g2,s52,s-j cancels out all other terms of order 
2s — j in the asymptotic expansion for A + 
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To ensure that Jr G L°°{[Q, l],^ °°[X)), we will construct Hr in a similar way. 
That is, we will let = qLihr), where 

oo 

(5.7) hr ^ e L°°([0,l],5o^-"+i-^(f/)), 

3=0 

defined recursively. For any such choice of h, we have 

a{B' - G2H) ^ (-hs-r,^+l-,92,s + 

3=0^ ^' 

/r o\ {hs-m+l-k, 92,s-l}j-k~l 

^ ' " ^ U-k-iy. 

k+l<j,l>0 ' 



E 



{hs-m+l-k,g2,s}j-k 



This gives us the formula for the recursive definition of hs^m+i- 



(^O.yj tls-m+l-j > 7^ ; 7^. 



E 



{/is-m+l-fc, 52,s}j-fc 



(j - fc)!ff2,. 

(up to order —00 - we again leave out all terms where a derivative is applied to p) 
when s 7^ 0, and otherwise. As before, we may inductively conclude that the 
numerators in the formula for /is„m_|_i_j all have property (*), so this definition 
makes sense. Further, hs-m+i-j is defined so that hs-m+i-jg2,s cancels out all 
other terms of order 2s — m + 1 — j in the asymptotic expansion for — G2H . 
This completes the proof. □ 



6. Iterative Regularity 



Here we state and prove analogs/generalizations of the above in the context 
of Lagrangian regularity. This largely applies the discussion of [5', Section 6], as 
corrected in [6, Appendix A]. We provide full details here instead of simply quoting 
the results, in part to translate from the scattering setting, and in party to slightly 
modify the assumptions. 

We begin by defining this sense of regularity. Given O C S'*Ar, let 
W{0) = {Ac -^-"{X) I WF'(^) C O). 

Definition 6.1. Definition 6.1]) A test module in an open set O C S'*A' is a 
linear subspace M C 4'^(0) which (contains and) is a module over 4'"(0), which 
is closed under commutators and which is finitely generated in the sense that there 
exist finitely many Ai E 'ii^{X), < i < N , Aq = Id, such that each A £ A4 can be 
written as 

N 
i=0 
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Remark. The generators Ai need not be in Al. As Id is a generator, = 4'°(0) C 
M'ZM^.... 

Definition 6.2. ([51 Definition 6.2]) Let be a test module in an open set O C 
S*X. For u G C-°°{X) we say that u e /('')(0,7W) if M'^u C H'{X) for aU k. We 
say that u e /(^)''=(0, M) if A^'^m c 

Recall that u S is a Lagrangian distribution associated to Lagrangian 

submanifold A if there exists s such that for any k and any Ai, . . . , G ^'^(A) 
with cri(Aj)|A = 0, 

Ai...AkueH'. 

We microlocalize this. Given O C 5'*A, P G ^'"(A) with homogeneous principal 
symbol p, and a conic Lagrangian submanifold A C S(P) such that Hp is radial 
and nonvanishing on A, we let 

MaIO) = {Ae "f^O) I ai{A) I A = 0}. 

We verify that this is, in fact, a test module. That A4a is closed under com- 
mutators follows from the fact that A is coisotropic, as if a and b are symbols 
which vanish on a given coisotropic submanifold, then {a, 6} also vanishes on this 
coisotropic submanifold. For the finite generation, we can assume that O G Uq, 



with Uq — k{U) as in Lemma 2.1 as we can microlocalize around such neigh- 
borhoods, then patch together with a partition of unity. Let x G C°°{S*X) be 
identically 1 in O and outside of k{U), and let p : U — > M be the cutoff as in 
the proof of Lemma [3?2| (so p vanishes in a neighborhood of the 0-section of r*A, 
and is identically 1 for sufficiently large Q. We then let Ai = qixpo^iOi < i < n, 
Aq = Id, and An = q{xpC~'™')P ^ then Ma is generated by ^^,0 < i < n. This is 
a principal symbol statement that follows from the fact that rjo^ai^i = 1 ... n — 1 
are defining functions for AnU. 



We then have the following result. As above, we take U as in Lemma [2T| 

Theorem 6.3. Given P g 5"™ (A) with a real-valued homogeneous principal symbol 
p such that Hp is radial (and nonvanishing) on a conic Lagrangian submanifold 



A C S(P), then given q e k(A) and sq, si as in Theorem 1.5 



• For s < sq, if there is an open neighborhood O' of q such that Pu G 
/(''-™+i)''^(0',Xa(0')) and Tg D WF'+''{u) n C = 0, then there exists 
an open neighborhood O C O' of q such that u G l'^''^'^{0,M.tv{0)). 

• For s > Si, if there is an open neighborhood O' of q such that Pu G 
/(''-™+i)''^(0',Xa(0')) andu G I^'^^-''(0' ,Ma{0')), then there exists an 
open neighborhood O C O' of q such that u G l'^^^ {O , M a{0)) . 

• For s > Si -\- 1, if there is an open neighborhood O' of q .such that Pu G 
/(''-™+i)''=(0', A^a(O')) anrf WF"i(M)nO' = 0, there exists an open neigh- 
borhood O cO' ofq such that u G &^-''{0,Ma{0)). 

Remark. We expect that the following strengthening of part of Theorem |6.3| is true. 

Given P , A, si, and p as in Theorem \6.3\ for s > si, if there is an open neigh- 
borhood O' of q such that Pu G l'^'-'"'+^{0' ,Ma{0')) and WF''i(m) n C = 0, 
then there exists an open neighborhood O <Z O' of q such that u G /'■''•'''^(O, Ma{0)). 
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The methods used here appear not to be able to deal with this statement - the 



difficulty comes in the second regularization below ((6.4) - (6.6)) and in making 



sense of terms such as ||G2.tAu|| for even t > 0. This is perhaps a defect in our 
methods; as the definitions are, we can only make sense of A^^ for fc a nonnega- 
tive integer. If we could inductively improve the orders of regularity with smaller 
intervals, the arguments might go more smoothly. It may be, however, that with a 
more clever regularization, this machinery could handle such a statement. 

Indeed, this is particularly easy to see in the Fourier transform side of Melrose's 
setting [TT] when the operator is classicall and Aq is constant along the Lagrangian, 
as one should be able to construct explicit solutions v to Pv = /, with v having 
the desired Lagrangian regularity. If this were done, we could compare w to u using 



Theorem 1.5 and obtain this stronger result. 



Proof of Theorem \6.3\ In what follows, we can assume that O' C Uq with Uq — 
k{U) as in Lemma |2.1[ In order to prove the above statement, it suffices to show 
that GjAj e L'^iX), where 7 e I7I < G-y is elliptic on O, and 



A, = n AT 



i=l 



Note that we do not need to include products involving A„, as they are already 
covered by the assumption on Pu. The order Ai, . . . , is irrelevant, as products 
with different orders commute modulo lower order powers of the test module (see 
[51 Lemma 6.3] for further details). 

To prove the theorem, we use a positive commutator argument. As we show 
below, positivity follows from the following property our module enjoys (see [5j Eq. 
6.15] for a more general condition under which such a statement might hold): 

1 " 
(6.1) -[A,P]=Y,a,A,, 

j=o 

for i = 1 ... 71 - 1, with C„ e *™-i(X) for j = . . . n, cr™_i(C,j)|A = for < 



j < n. This is again a principal symbol statement which follows from Lemma 2.1 

^n— 1 
-'>0 ' 



From this it follows that, for 7 € Z" ^ 



S&Zl-\ |5| = |7| 

where C^s S "^"^'""{X) with Um-i{G^5)\A = 0, and 
(6.2) Ri^ D^sAs + E^sAsP, 

|5|<|7l 

where D^s & ^^'H^) and E^s e *"(X). 

We st art w ith the s < sq case. We work by induction on - the base case is 
TheoremlrHl Assuming m e /('')''=-i(0", 7Wa(0")) for some neighborhood O" C O' 



of q, we take Bf — q{ht) as in the proof of Lemma 3.2 with WF'(i3) C O" . Below, 
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■7 



we will shrink the microsupport, but for now, let us simply look at what operator 
relations we have, given sufficiently small microsupport. We have 

^ J2 A;BfA,P-P*A;B^A^ 

_ ^ ^^ A[B?,P] + {P-P*)Bf) .^.j,AA,,P] [^v^1 g2^^ 

76Z^-M7|=fc 

+ J2 A;BfC^sAs + A*sC;sB^A^ 
^ ^* l^ [BlP] + {P-P*)B! ^ ^ ^,^2^ ^ ^ ^,^2^ ^ ^,^2^ 

where in the last line, we let A — (A^) and R — (R^) be column vectors, running 
over all 7 G Z>o with I7I = fc, and C = (C^s) a matrix of operators (or rather an 
operator on sections of a trivial bundle over X). 

Using the symbols as in the proof of Lemma |3.2[ we have, up to order 2s — 1, 
^^^^ [BlP] + {P-nBf ^ ^2^. + c*B^),s = sgn(A)(.gL + 9lt)S,s + e^S.s 

(the notation might be a little confusing - S-yS is the Kroncckcr delta with indices 
7 and 5) where 52,0 is elliptic of order s in a neighborhood of q. As cr„i-i(C^5 + 
C|7)|a = 0, sgn(A)g|_t + b1am-i{C.^s + Cg^) is elliptic and sgn(A)-definite in a 
neighborhood of q. Thus, if we choose the support of b to be sufficiently small, we 
have 

(6.3) A* + ~ ^*^^' + B^C + C*Bi^ A 

= A*(sgn(A)(G*i,,Gi,t + Glfi2,t) + Et + Ft)A 

where G2, Et, and Ft are matrices of operators, with 6*2,0 elliptic in a neighborhood 
of q, WF^oo[Q i](ii^t) n k{A) = 0, and Ft uniformly (in t) of order —00. This last 
point is done to avoid using the two-step induction needed in the correction [SI 
Appendix A]. The same argument as in (5.1)-(5.6) works here, as the A factors, t 
dependence in the previous setting, t dependence here, and that these are matrices 
of operators, are irrelevant for the construction. Further, we can choose matrices 
of operators Ht and Jt, uniformly (in t) of orders s — m + 1 and — cx), respectively, 
so that 

Bt = HtG2,t + Jt 

as on the level of principal symbols, Bt and G2.t have the same cosphere cutoff 
functions. That Jt can be made uniformly of order —00 uses the same argument as 
(l5Jl)-(pl). 
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We proceed with the positive commutator argument in the standard way. For 
t > 0, 

^^((B^Au, APu) - {APu, BfAu)) = sgn{\){\\Gi.tAuf + \\G2,tAuf) 

+ {Au, EtAu) + {Au, FtAu) 
+ B'^Au) + {B'^Au, Ru). 

As mentioned above, we assume that u e /(«)''=-1(0",A^a(0")), and we take 
WFioo[o,i](Bt) C O" and WF'(A,) C O" for each i. We can then bound ||Gj,t^u|| 
as i — >■ 0, using essentially the same considerations as in previous commutator 
arguments, with slight modifications. We bound the {Ru, B^Au) and {B^Au, Ru) 
terms with a familiar method. For t > 0, 

\{Ru,BfAu) \ = \ {HtRu,G2,tAu) + {JtRu,Au)\ 

< 2\\HtRuf + ^\\G2,tAu\\^ + \{JtRu,Au)\ 
The G2,tAu term can be absorbed into the other such term we are trying to bound. 



the HtRu term can be bounded using the inductive hypothesis and the form (6.2) 
of each entry of the vector of operators i?, and the last term has Jt uniformly of 
order — oo. 

We handle the sq + I > s > sq and s > so + 1 cases together. We again inductively 
assume that u e /(''^''^^^(O", A^a(0")), and have 

^{A*B^AP - P*A*BlA) = v4*(-sgn(A)(Gt ,Gi,t + G; ^G^^t) + Et + Ft)A 

+ R*B?A + A*BfR 



where now we let Bt — q{ht) with bt as in the proof of Lemma 3.3 G2,t,-Et, and 
Ft are matrices of operators, with G2,o elliptic of order s and G2,t of order si for 
i > 0. WF^oo[o_i](£'t) n = 0, and Ft is uniformly of order — oo (we again need 
to use the technique of the proof of the source case of Theorem |1.6[ but again this 
carries over with little change, so we provide no further details here). As before, 
we also arrange that 



Bt — HtG2,t + Jt 



with Ht and Jt uniformly of orders s — m + 1 and — oo, respectively. We take all 
operators constructed (including each Ai) to have microsupport contained in O" . 

To proceed with the positive commutator estimate, we introduce a second regu- 



larizer as in the proof of Lemma 3.4 (and for similar reasons - as it stands, we have 
not yet made sense of terms such as (w, P* A* BtAu)). Let {Ar) G i°°([0, 1]t, *°(X) 
be such that A^ E *-°°(-^) for r > 0, and Id as r ^ in ^^{X) for S > 0. 

For t,T > 0, we can then make sense of 

j.{{ArU,A*B^APu) - {ArU,P*A*BfAu)) = 
(6.4) - sgn{X){{ArU, A*GltGi,tA) + {ArU, A*GltG2,tAu)) 

{Aru, {A* Ft A + A* Ft A + R*BfA + A*BfR)u). 
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We can then manipulate each term and send r — > 0. For instance, for r > 0, 
(6.5) {ArU,P*A*B'^Au) ^ {A[P,Ar]u,B'^^Au) + {AArPu^B^Au). 

A[P,Ar\ is uniformly a vector of operators in '^™-^^{X)Ma[0")'' . We then have 
A[P,At-]u a vector of distributions in H''~™{X), uniformly in t. For the si + 1 > 
s > si case, by assumption we have Au a vector of distributions in H'^^{X), and 
for s > si + 1, we have Au a vector of distributions in H'^^^{X), as A is a vector 
of operators in 'i>^{X)A4A{0"). In either situation, we can, as in the proof of 
Lemma 3.4 take r — 0, and in the limit we get {APu, BfAu). All other terms 



follow similarly, and we have 

^{{BfAu, APu) - {APu, B^Au)) = -sgniX) {\\Gi,tAuf + \\G2,tAu\\^) 
(6.6) + {Au, EtAu) + {An, FtAu) 

+ {Ru, BfAu) + {BfAu, Ru). 
We then take i — as before, completing the proof. 



□ 



We also have an analogue of Theorem |1.6| in this iterative regularity setting. In 
order to have a transparent statement, we impose a technical condition: that Qr 
has homogeneous principal symbol qr of the form 

(6.7) Qr = TV. 

By assumption, v is homogeneous and elliptic around the point of interest q. 
Theorem 6.4. Given P,Q,A,q,SQ, and Si as in the statement of TheoremU 



along with the additional assumption (6.7|, and u = {ur) G L°^{[Q, 2?'(X)), 



• if n{A) is a sumbanifold of sinks for Wp\s*x, then for s < sq, the existence 
of an open neighborhood O' such that 

{P-iQ)u e i°°([0, \\r,&'"'+^^'^{0',MK{0')) 

and 

r, nwF'^+'^(u)no' = 

implies that for some open neighborhood O (Z O' of q, 

• if k(A) is a submanifold of sources for Wp\s'X, then for s > Si, the exis- 
tence of an open neighborhood O' such that 

{P~iQ)u e L°°{[0, 1]„/(*-"+i)''=(0',Xa(0')) 
implies that for some open neighborhood O <Z O' of q, 

ueL°°([0,l],,/(^)''^(O,XA(O)). 
To prove this, we adapt the Ai to work well with Qr- We would like, for < i < 

n, 

-,7n — l\ 



A 
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for the positive commutator argument below. We do this by ahering the coordinates 
chosen in Lemma |2.1[ and then using the above definition of with the new 
coordinates. We begin as before, choosing canonical coordinates x, ^ such that 
locally, A is N*{xn = 0}, with ^„ > 0, and K~^{q){x = 0,^^ = 0,i < n}. For 
convenience, we let Xn = z,y = (yi, . . . , ?/„) ^ [xi . . . Xn-i), and ^' = (^^ . . . ^„_i). 
By (6.7) and the positive-semidefiniteness of Qr, we have 

Sn 

locally, with 7 > 0. Note that if we set 

y^y 

z = zj{0,y,0) 

in 



e 



7(0, y,0) 

9^.7(0, y,0) 



~ 2 

T 

then z,y,^ are canonical coordinates, and locally, A = N*{z ~ 0} and K~^{q) = 
{z = 0,y = 0,1= 0, i < n}. Further, 

with / G 1k,u, where Ia,c/ is as defined immediately before the statement of 
Lemma [2.1[ and U is an open set on wich these coordinates are defined. We can 



thus proceed with further choices of coordinates as in Lemma 2.1 and we get (6.8). 
Further, if we write, for < z < rt, 

n 
3=0 

we have that 

(6.9) "4° in 



The proof then follows as a modification of the above. We use a positive com- 
mutator estimate using "commutator" 



.10) 



1 



{A*B^A{P ~ iQr) - [P* + iQr)A*B^A). 



(6.9) allows, for sufficiently small t, all terms involving Qr, other than the positive- 
semidefinite A* BQt-BA, to be absorbed into the G2 matrix of operators as in (6.3), 
and so we have that (6.10) is equal to 

-A*{GlGi + G;G2)A - A*BQrBA + A*EA + A* FA + R*B^A + A*B^R 



where F is uniformly of order —00. As in the proof of Theorem 1.6 Qr regularizes 
for us, so B need have no regularization. WF'{E) is, in the sink case, where we 
assume regularity, and in the source case, off the characteristic set. The proof 
proceeds by induction as above. 
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